Abstract. We discuss the masses of the ground state baryon octet and the nucleon sigma terms in the framework of manifestly Lorentz-invariant baryon chiral perturbation theory. In order to obtain a consistent power counting for renormalized diagrams the extended on-mass-shell renormalization scheme is applied.
Introduction
Chiral perturbation theory (ChPT) for mesons [1, 2, 3] has been highly successful in describing the strong interactions of the pseudoscalar meson octet in the low-energy regime (for a recent review, see [4, 5] ). The prerequisite for its success has been a consistent power counting establishing a straightforward connection between the loop expansion and the chiral expansion in terms of quark masses and small external fourmomenta at a fixed ratio. State-of-the-art calculations have reached the next-to-nextto-leading, i e, two-loop order accuracy [6] . In general, due to the relatively large mass of the strange quark, the convergence in the three-flavour sector is somewhat slower in comparison with the two-flavour sector. The extension to processes including one ground state baryon in the initial and final states was performed in [7, 8] . It was found that, when applying the modified minimal subtraction ( MS) scheme of ChPT [2, 3] , i e, the same renormalization condition as in the mesonic sector, higher-loop diagrams can contribute to terms as low as O(q 2 ) in the chiral expansion, where q denotes a small external momentum or a Goldstone boson mass. Hence, the correspondence between the loop and chiral expansions seemed to be lost. This problem was eluded in the framework of the heavy-baryon formulation of ChPT [9, 10, 11] , resulting in a power counting analogous to the mesonic sector. The price one pays for giving up manifest Lorentz invariance of the Lagrangian consists of a) an increasing complexity of the effective Lagrangian due to 1/m corrections and b) the fact that not all of the scattering amplitudes, evaluated perturbatively in the heavy-baryon framework, show the correct analytical behaviour in the low-energy region.
Recently, several methods have been devised to restore a consistent power counting in a manifestly Lorentz-invariant approach [12, 13, 14, 15, 16, 17, 18] . Here, we will concentrate on the so-called extended on-mass-shell (EOMS) renormalization scheme of [15, 18] which provides a simple and consistent power counting for the renormalized diagrams of manifestly Lorentz-invariant ChPT. The method makes use of finite subtractions of dimensionally regularized diagrams beyond the standard modified minimal subtraction scheme of ChPT to remove contributions violating the power counting. This is achieved by choosing a suitable renormalization of the parameters of the most general effective Lagrangian. So far the new method has been applied in the two-flavour sector to a calculation of the nucleon mass [18] , the electromagnetic form factors [19] , the sigma term and the scalar form factor [20] . Moreover, the EOMS approach allows one to consistently include vector mesons as explicit degrees of freedom [21] and to reformulate the infrared renormalization of Becher and Leutwyler [14] so that it may also be applied to multiloop diagrams [22, 23] . In this paper we will discuss the application of the EOMS scheme to a calculation of the baryon octet masses in the framework of three-flavor ChPT. We will also discuss various nucleon sigma terms.
Lagrangian and power counting
In this section we will briefly specify those elements of the effective Lagrangian in the three-flavour sector which are relevant for the discussion of the baryon masses and the nucleon sigma terms. We will not need to consider external fields except for the (constant) quark masses, because the sigma terms will be derived from the baryon masses using the Hellmann-Feynman theorem [2, 7, 24, 25] . The effective Lagrangian is written as the sum of a purely mesonic Lagrangian and the baryonic Lagrangian (including the interactions with the mesons),
Both Lagrangians are organized in a derivative and quark mass expansion,
where the subscripts (superscripts) in L M (L B ) refer to the order in the chiral expansion. The EOMS renormalization scheme [15, 18] is constructed such that, after subtraction, a renormalized Feynman diagram has a certain chiral order D which is determined by the following power counting: if q stands for small quantities such as a meson mass, small external four-momenta of a meson or small external three-momenta of a baryon, then interaction terms derived from L (k) and L 2k count as q k and q 2k , respectively, baryon and meson propagators as q −1 and q −2 , respectively, and a loop integration in n dimensions as q n . Here, we work in the framework of ordinary ChPT, where the quark mass term is counted as O(q 2 ) (for a different organization procedure, see [26] ). The relevant lowest-order mesonic Lagrangian is given by
where U is a unimodular unitary (3 × 3) matrix containing the eight Goldstone boson fields,
In terms of these building blocks the lowest-order Lagrangian reads
where the covariant derivative of the baryon field is defined as
. Equation (8) involves three low-energy constants, the mass of the baryon octet in the chiral limit, M 0 , and the constants D and F which may be determined by fitting the semi-leptonic decays B → B ′ + e − +ν e [27] :
The Lagrangian at order O(q 2 ) has been discussed in [8, 28] . Here, we will concentrate on the chiral symmetry breaking part
relevant for a contact contribution to the self energy at O(q 2 ). Moreover, we will also use equation (9) 
where we have eliminated the d 8 term of [28] using a trace relation [29] .
Calculation of the self-energy
In order to discuss the baryon masses we need to calculate the corresponding self-energies Σ B (p /) which are given as the one-particle-irreducible perturbative contribution to the two-point functions
The physical masses are defined in terms of the pole at p / = M B ,
From a technical point of view, it is convenient to determine the cartesian components Σ ba (p /) of the self-energy (tensor), where the first and second indices refer to the final and initial baryon lines, respectively. Under V ∈ SU(3) the self-energy transforms as
where D(V ) is a real orthogonal representation matrix with entries
. Strangeness conservation and isospin symmetry imply that the selfenergies of the physical particles are given in terms of the linear combinations . The numbers in the interaction blobs denote the order of the Lagrangian from which they are obtained.
O(q 3 ) calculation
According to the power counting, up to and including O(q 3 ) the self-energy receives contact contributions from L (2) and, in principle, also from L (3) as well as one-loop contributions with vertices from L (1) . The relevant interaction Lagrangians are given by
where f abc and d abc are the structure constants and d symbols of SU(3). In equation (13a) we have separated the Lagrangian into the parts transforming as an SU (3) singlet and the eighth component of an SU (3) octet, respectively. The Lagrangian L (3) does not generate a contact contribution to the self-energy. The subscripts kφ indicate the number k of Goldstone boson fields in the interaction terms.
From the contact contribution we obtain Σ
where the remaining Σ contact kl vanish. The second type of diagrams in figure 1 does not contribute, because the internal meson lines lead to the same value of indices in the f symbols and thus vanish. Finally, the third contribution of figure 1 can be written as
where
and
Here,
Using the algebra of the gamma matrices and applying dimensional regularization, S d (p /) can be expressed in terms of the scalar integrals of Appendix A as [18] 
According to the power counting, the renormalized diagram, i e, the sum of the unrenormalized value of the basic graph and the sum of the counterterm graphs, should be of O(q 3 ). As in [18] , we first perform the modified minimal subtraction after which the renormalized result is of O(q 2 ) and then an additional finite subtraction so that the renormalized integral is finally of O(q 3 ):
where the superscripts r and R refer to the MS and EOMS subtractions, respectively. Defining
it is convenient to express the renormalized loop contribution for the physical baryons as
where B = N, Σ, Λ, Ξ and a summation over M = π, K, η is implied. The coefficients F BM are given in Appendix B. Using
and inserting the results of equations (14) and (21) into the defining equation (11) we obtain for the baryon masses at O(q 3 ):
We made use of equations (4a) and (4b) to express the quark mass terms of the contact contribution in terms of the lowest-order Goldstone boson masses. Even without performing a numerical analysis, a few properties of equations (23a) 
This is no longer true, once the O(q 3 ) contribution is included, because the GellMann-Okubo mass formula is derived from first-order perturbation theory in the SU(3) symmetry breaking quark mass term proportional to λ 8 .
Sigma terms
Sigma terms provide a sensitive measure of explicit chiral symmetry breaking in QCD because "they are corrections to a null result in the chiral limit rather than small corrections to a non-trivial result" [30] (see [31] and [32] for an early and a recent review, respectively). The so-called sigma commutator is defined as
Using the empirical values of footnote +, the deviation from the Gell-Mann-Okubo mass formula is very small
L denotes one of the eight axial charge operators (see, e g, [4] for further details) and H sb =qMq =m(ūu +dd) + m ss s is the chiral symmetry breaking mass term of the QCD Hamilton density in the isospin symmetrical limit. Using equal-time (anti-) commutation relations, equation (25) can be written as [33] 
yielding for the flavor-diagonal pieces
Here, we will be concerned with the nucleon sigma terms defined in terms of proton matrix elements,
where M p is the proton mass. ¶ Instead of the flavour components σ u KN and σ d KN one often also discusses the isoscalar and isovector combinations
Using the first-order mass formula of [34] ,
The factor 2M p in the denominator results from our normalization of the states and of the Dirac spinors:
the isovector kaon-nucleon sigma term is expected to be small [35] ,
where r ≡ m s /m ≈ 25. The pion-nucleon sigma term and the strangeness matrix element S ≡ (m s /2M p ) p|ss|p are obtained from the proton mass by using the Hellmann-Feynman theorem * for H QCD :
At leading order in the quark mass expansion (O(q 2 )), σ πN and S can be interpreted as the contribution to the nucleon mass which is due to the masses of up and down quarks and of the strange quark, respectively. However, such an interpretation is no longer true beyond leading order. Using the results of equation (23a) we obtain at O(q 3 )
The so-called strangeness content or strangeness fraction of the proton is defined as [36] y ≡ 2 p|ss|p p|(ūu +dd)|p = 2 r
where, again, we made use of the Hellmann-Feynman theorem. Finally, the isoscalar kaon-nucleon sigma term and the eta-nucleon sigma term can then be re-expressed as (9) for which we do not have sufficient information. Here we will concentrate on an estimate of the one-loop contributions shown in figure 2. To that end we need to identify the O(q 4 ) part of equation (22) (first diagram of figure 2)
From the second diagram of figure 2 we only consider those contributions which originate from the chiral symmetry breaking vertices of equation (9). The contributions of the last diagram of figure 2 are obtained by a direct calculation using the O(q 2 ) contact results of equation (14) .♯ Finally, a calculation at O(q 4 ) receives a contact contribution originating from the O(q 4 ) Lagrangian of equation (10). The contact contributions of the d 5 , d 6 and d 7 terms are obtained by the replacements
On the other hand, the
In the SU(3) limit m =m = m s , equations (36a) -(36d) generate a common contribution
For a complete chiral expansion of the baryon masses to second order in the quark masses to be used in unquenched three-flavour lattice simulations we refer to the recent work by Frink and Meißner [37] . in the third contribution of figure 1 to identify the relevant terms [14] .
Results and discussion
set of equations can be written as
is the difference between the nucleon mass up to and including O(q 3 ) and its O(q 3 ) contribution. Note that the O(q 3 ) contribution is fixed in terms of the parameters D, F , F 0 and the lowest-order Goldstone boson masses. The remaining ∆ quantities are defined analogously.
Rather than selecting three of the mass equations we perform a least squares fit to all equations. For the masses at O(q 3 ) we insert the physical values (see footnote +). The resulting parameters are given in table 1 for three different analyses of the (empirical) value of the pion-nucleon sigma term [38, 39, 40] as well as a different value of F 0 in order to compare with [41] . For fixed parameters D, F and F 0 , the values of b D and b F always come out the same while the results for M 0 and b 0 are linear functions of the pion-nucleon sigma term, 
Here, the effect is even larger than in the SU(2) sector where differences by factors of about 1.5 were generally observed for the determination of the low-energy constants at O(q 2 ) and to one-loop accuracy O(q 3 ) [43, 44] . The results for the strangeness matrix element S, the strangeness content y and the various nucleon sigma terms at O(q 3 ) are summarized in table 2. These results are extremely sensitive to which value of the pion-nucleon sigma term is used as an input.
As an example let us discuss the various contributions to the pion-nucleon sigma term of equation (31a) using the second set of parameters in table 1:
where the first term is the O(q 2 ) contribution and the remaining terms result from pion, kaon and eta contributions at O(q 3 ). It is instructive to compare equation (39) with the Table 1 . Mass M 0 of the baryon octet in the chiral limit and low-energy constants b 0 , b D and b F as obtained from a χ 2 fit to equation (37) . We use three different values for the sigma term as input. For comparison we also show the results using the parameters of [41] . Note that the differences in the output values of the masses are due to round-off 
where M 2 = 2Bm is the lowest-order expression for the squared pion mass, F and
• g A refer to the SU(2) L × SU(2) R chiral limit of the pion-decay constant and the axialvector coupling constant, respectively. In the SU(2) framework, the strange quark mass is considered large and a comparison with equation (31a) would yield
which is smaller than the O(q 2 ) contribution in the SU(3) framework. This example serves as an illustration for the mechanism shifting contributions which are of higher order in the SU(3) sector to lower orders in the SU(2) sector.
A popular first-order estimate of the pion-nucleon sigma term makes use of the predictions for the baryon masses at O(q 2 ). If, in addition, one assumes a suppression of the strangeness matrix element in the spirit of the Zweig rule, i e S ≈ 0, the pionnucleon sigma term may be re-written as [45, 46] 
where c 8 u 8 = (m − m s )(ūu +dd − 2ss)/3 is the SU(3) symmetry breaking part of the mass term. At O(q 2 ) the corresponding contribution to the nucleon mass reads
yielding the estimate [46] 
It was already noted in [45] figure 3 we show how "switching on" the quark masses affects the masses of the baryon octet. In the chiral limit all masses reduce to M 0 = 1039 MeV. Keeping the up and down quarks massless, we still have an SU(2) L × SU(2) R symmetry resulting in
The corresponding values of the mass spectrum are shown in the middle panel of figure  3 (M π = 0, M K = 486 MeV and M η = 562 MeV), while the final results, exhibiting only an SU(2) V symmetry, are shown in the right panel. Using σ πN = 45 MeV as input, an analysis of the nucleon mass at O(q 4 ) in the framework of SU(2) chiral perturbation theory yields an estimate for the nucleon mass in the chiral limit (at fixed m s = 0) of m ≈ 883 MeV [20] which is in surprisingly good agreement with the 888 MeV of figure 3 . The pattern of figure 3 suggests to treat the explicit symmetry breaking due to the average up and down quark massm and the strange quark mass m s on a different footing. In this context it might be worthwhile to explore a perturbative series up to and including terms of second order in the strange quark mass but neglecting terms of second order inm. Table 4 .
Baryon masses at third order in units of MeV and their individual contributions in the framework of long-distance regularization (LDR) [50] , infrared regularization (IR) [41] Last but not least, we would like to compare our results with other calculations in the framework of chiral perturbation theory (see table 4 ). (For an overview of sigma-term calculations in the framework of other approaches and various models see, e g, [33, 48] and references therein.) At O(q 3 ), the EOMS expressions for the masses and the sigma terms are the same as in the heavy-baryon formulation [49] but differ from the infrared regularization [41] , where the one-loop contributions are generally smaller, because the relevant loop integral (see equation (10) of [41] ) is not expanded. Similarly, the so-called long-distance regularization of [50] , when applied to a calculation of the baryon masses [47] , generates a faster converging series. This corresponds to a re-summation of terms which would appear at higher orders in the conventional framework. On the other hand, in a full O(q 4 ) calculation, the corresponding expressions will, in general, differ in all schemes [28, 37, 41] (see [19] for the SU(2) sector).
Summary and outlook
We have discussed the masses of the ground state baryon octet and the nucleon sigma terms in the framework of manifestly Lorentz-invariant baryon chiral perturbation theory applying the EOMS renormalization scheme of [19] . At O(q 3 ) the results are identical with those of the heavy-baryon formulation [49] . We have performed a least squares fit for the parameters M 0 , b 0 , b D and b F using the empirical masses and three different values of the pion-nucleon sigma term as input (see table 1 ). We have then discussed the strangeness matrix element S, the strangeness content y, the remaining nucleon sigma terms and the baryon octet mass in the chiral limit as functions of the pion-nucleon sigma term (see table 2 ). We have also estimated some O(q 4 ) contributions pointing towards a slow convergence (see table 3 ). We have stressed that our analysis at O(p 4 ) is incomplete because, at this stage, we do not have sufficient information to constrain the full set of available parameters contributing at O(p 4 ). The EOMS scheme as well as the reformulated version of the infrared renormalization [22] , in principle, allow a consistent analysis in a manifestly Lorentzinvariant framework even beyond the one-loop level [23] . However, what seems to be equally important in the SU(3) sector is a consistent consideration of the baryon decuplet [10] . Such an inclusion of spin 3/2 into a manifestly Lorentz-invariant effective field theory is a challenge, because it is a theory with constraints in order to generate the correct number of degrees of freedom.
Appendix B. Coefficients
The coefficients F BM of equation (21) are given by
F Λπ = −D 2 ,
(B.1)
